ERRORSAND ERROR PROPAGATION

INTRODUCTION: Laboratory experimentsinvave taking measurements and usng
those measurementsin an equaion to calculate an experimental result. Itisalso
necessary to know howto estimate theuncertainty, or error, in physca measurements
and to know howto use those uncertainties to calculate the error in the experimental
result.

TYPES OF EXPERIMENTAL ERRORS

Experimenta errors can generdly beclassified into three types. persond, systematic,
and random.

Personal Errors

These errors arise from persond bias of carelessnessin reading an ingrument, in
recording daa, or in calculations and parallax in reading ameter. Of these, only parallax
errors can be estimated and used in error propagation. Effort should bemadeto eliminate
expeimental errors.

(When looking at non-digital meter, thereis a small distance between the needle and the
scale. Asaresult, thereading will changeas the observer@ eye postion changes from
sdeto side This apparent changein reading, dueto the changein postion of the
observer@ eye, is called parallax.)

Systematic Errors

Errors of thistyperesult in measured values which are consstently to high or to low.
Conditionswhich lead to systematic errors are as follows:

1. Animpropely calibrated ingrument such as athermometer which congstently
reads99% in boiling water ingead of 100'C.

2. A meter, micrometer, vernier caliper, or other ingrument which was not
propealy zeroed or for which the zero correction factor was notconsdered.

3. Theoretica errors dueto asimplified mathematical modd for the system
which congstently gives a calculated value different from the calculated value
predicted from a more accurate mathematical modd.

Random Errors

Randomerrors result from unknown and unpredictable variationsin experimental
measurements. Possible sources of randomerrors are:



1. Obsrvationd-e.g., errors when reading the scale of ameasuring device to the
smallest division.

2. Environmental- unpgredictable fluctuaionsin readingsbeyondthe
experimenters control. Such errors can bedetermined statistically or can be
estimated by the experimenter.

STATISTICAL DETERMINATION OF RANDOM ERRORS

When there are many measurements of the same quantity, theaverage or mean valueis

_ N
defined by X :%! X, Where x, isthe i measured valueand N isthetotal number of
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measurements.

There are two ways to statistically calculate the uncertainty in themeasured value One
methodis to calculate thedeviation from the mean or Onean deviation dO
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It iscommonto express the experimental value of the measurement as:

Measured valueof x =x + d

whee d a statistical estimate of the uncertainty in the measured value. Ascan be
observed, the mean deviationis a measure of the spread on thedaa

Another method used to calculate therandomerror is by calculating the Osandard
deviation, (s.d.)O

Themeasures value of X can then be expressed as:

Measured valueof x = x+ sd.

The statistical methodsabovemay beused in selected lab exercises where severd
measurements are needed and an average or mean is calculated.



ESTIMATION OF RANDOM ERRORS

An easier methodto determinerandomerror isto estimate therandomerror by utilizing
theaccuracy of theingrument and the judgment of the experimenter. Theerrorina
given ingrument is determined by the smallest division on tha insgrument or Okast
count.O For example, the smallest division onameter stick is 1mm or 0.1cm. Thisisthe
least countfor the meter stick. 1n mos measurements the smallest division represents the
rightmod digit in thevalue of that measurement and the estimated error isthe
measurement is = theleast count For example, a measure value may be

78.2cm+ 0.1am.

Sometimes a measurement may be madewith an estimated error less than theleast count
For example, an experimenter may estimate reading on a meter stick as 78.25am by
noting tha thereading was abouthaf way between 78.2cm and 78.3cm. The
experimenter may represent thevalueas 7825an+ 0.05an. Keep in mind tha rightmos
digit mug be estimated by the experimenter and isthusdoubftul.

Sometimes the estimated error islarger than theleast count For example, when
measuring the distance between the two spots bdow, the experimenter would need to
estimate where the center of each spotwould belocated. Theerror in the measured
distance would belarger than theleast countand the amountof the estimated error would
be up to the judgmnent of the experimenter.

Note how much theerror estimates degpend on thejudgmrent of the experimenter. There
may beerrorsin judgment; however, to avoid stating a result more accurately than you
probably measured it, oneshould try to avoid being too conservative in estimating errors.

ERROR PROPAGATION
PARTIAL DERIVITIVES

Before we can perform error propagation calculations we must know howto take
what are called (patial derivativesOof afundionwith many variables. Some may
already know how to do this; you can hdp the others.

Suppo® we have afundion f wheref = f{x,y,z). Thepartia derivative of f with
respect to x isfoundby taking the ordinary derivative while treatingy and z as
|
condants. Thenotationfor thisdeivativeis I—f . Likewise, thepatia derivative of
I'X
fwith respect to y isfoundby taking the ordinary derivative while treatingx andz as

condants andis written as 3—; and thepartia derivative of fwith respect to z isfound



by taking the ordinary derivative while treatingx and y as condants and is written as
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Asan example, let f =5x°yz°. Then a———(5x yz ) 5yz3'|L:10xyz3
X I x
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Convince yourself that i =5x°z® andtha I—f =15x°yz>.
! 1z

ABSOLUTE AND RELATIVE ERRORS

Absolute Error: When an error is estimated in ameasured value of x it will be
designaed as + /x (deltax). /xhasthesame unitsasx andis called theabsolute
error inx. Forexample, if

x =2.0cm £ 0.1cm , theabsolute error is /' x = 0.1cm.

)
Relative Error: Theratio of the absolute error /xto the measured valuex, 1, is
X

caled therelativeerror. Itisusudly represented as a percent. For example, the

0lem _01_ 4 05=50
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relative error in theaboveexampleis

(note, there are times when it is necessary to go from relative error back to absolute
error: & =error,,,. X)

COMPUTATION OF ERROR & PERCENT ERROR

For afundion f = f(x y,z), theabslute errorinf;!f , isdefined as:
o~
ox dy 0z

Therelative error in f'would thusbe
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Thepercent errorin f= %-100

EXAMPLE 1:

Using thefundion we used as an example for partial derivatives, we would have

Sf = \/ﬁ0xyz36f7 +bxezoy) + 65X2y22527}

thus
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smplified becomes
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[Or, youmay choosto calculate ! f and /" separately and then dividethemiin
numerical form.]

Note tha the quantitiesin the parentheses are jus the percent errors multiplied by the
exponent for tha particular variable.

Suppo® we have the experimental valuesforyx, y, andz as:

x=3.0cm£0.1cm,y =5.2cm=0.1cm, and z = 2.4cm £ 0.1cm .
We would thushave the percent error in f'as:

f \/ (2)(01) '012 +3 (3)(01) i#= 01431 15%

f §‘30) ,5.2)

Note tha the% error isrounded up to the nearest whole number. Sinceitisjus
an estimate, we can notjugify more accuracy in the error.

EXAMPLE 2:

2 2
Suppog V :w whee a=(82+0.0cm, b= (6.5+0.1km, and

c=(6.1£0.1kcm
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Notice tha the negative signin Z—V does not matter sinceit is squared.
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Thefind resultswould begivenas V' = 81cm + 6%



PERCENT DISCREPANCY/DIFFERENCE

Once an experimental valueand its percent error are calculated, the per cent
discrepancy isdefined as:

| accepted * experimental

X

1100

per cent discrepancy/differencein X=

accepted

There will be agreement between the accepted value and the experimental valueif the
percent discrepancy is less than the predicted percent error in the experimental value
as determined by error propagation. In other words, the experimental valueis within
themargin of error. Thisshould be addressed in your conclusion.

If there is notagreement, some sources of error may be present which may not have
been accounted for and some reasonable explanation should beinduded in the
conduson of your laboratory report.



ERROR PROPAGATION EXERCISES

Determinethe calculated value usng the given valuesin the given equaions Be sureto
include the unitsin your answer. Using theerror propagation methoddescribed above
calculate the percent error in the calculated value For this exercise, your percent error
isto begiven to two significant figures.

Hand in thisanswer sheet. Work the problems neatly on scratch paper and staple
your work to this sheet.
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1. A=xy, x=3.0cmz=0.lcm, y=4.0cm=0.1cm

2. f=x+y, forx andy givenin problem # 1 +
3. f=x-y, forx andy givenin problem# 1 +
4. z=3x+2y, forx andy given in problem # 1 +
5. =f—? for h=2.00m+3%, t =0.630s+ 4% +
6.TZZJT\/%,M=2.5Kgi6%,k=10r?1N12% +

I+
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7. d= ( >00 )Q\m), M =300g 2%, L =(20.3+0.2)cm

cm’g

8. z=x"+y% x=3.0cm+2%, y=4.0cm+2%

I+

,_5a’! (2cmp?

. ,a=2.0cm+1%, b=3.0cm=+=1%, C=11.0cm+2%

I+

10. h=dsin/ , d =1.00m+0.05m, 6 =10"%1°

I+




