3c Review sheet for chapter 16

1 Evaluating Line Integrals

Note that while line integrals are defined for any continuous function, the pri-
mary example we have studied involved work integrals. This is when the func-
tion we are integrating is defined as the dot product F e T of two vectors:

F, a force vector

T, the unit vector tangent to the curve

Method 1: Parametrize the curve

e If Cis parametrized as r(t) = (x(t), y(t), z(t)), a<t<b

b
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o For work integrals, if C is parametrized as above and

F(x,y,z) = (f(x,v,2), 8(xy,z), h(xyz))
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Note: in the last integral above, the functions f, g, and h are ex-
pressed in terms of t, so that, for example, f = f (x(t),y(t),z(t)).

Method 2: For work integrals involving conservative fields only!!

o If F is conservative, there exists a potential function ¢ such that
F=v¢.

e If Cisa curve from Py to P; then
JcFeTds= [-Fedr=¢(P)—¢(R).

Method 3: For work integrals over the boundary of a piecewise smooth oriented surface

o Use Stokes’ theorem to convert to a surface integral:

'/CFons = .//(curlF) endS



where
o is a piecewise smooth oriented surface

C is its boundary, with positive orientation

2 Evaluating Surface Integrals

Note that while surface integrals are defined for any continuous function, we
have primarily worked with flux integrals, in which the function we are inte-
grating is defined as the dot product F e n in which F is a vector field and n the
unit vector normal to the surface.

Method 1: Parametrize the surface

Surfaces parametrized in terms of u and v If 0 is the surface parametrized
by r(u,v) = (x(u,v), y(u,v), z(u,v))overtheregionRin the uv-
plane

o General surface integral:
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o Flux integral:
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Note that if we wish to choose our normal vector to point in
the opposite direction, we can simply replace (% X g—;) with

9 9
(5 5).

Surfaces defined by z = f(x,y) over a region R in the xy-plane Note that
this function defines a parametrization

r(u,v) = (u,v, f(u,v)), whereu=xand v=y
In this case (aa—; X g%) (expressed interms of xand y)is (—fx, —fy,1)

o General surface integral:
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o Flux integrals:
O [[Fenas— [[Fe(-f, —f, 1)da
v R

Note that n would be (—fx, —f;, 1) normalized, so that our sur-
face is oriented so that the normal vector has a positive z-component
(it points up, though not necessarily straight up.) If we wish to
orient the surface so that the normal points down instead, we
would simply replace (—fx, — fy, 1) with (f, fy, —1).

e Note also that we could define the surface above to be the level
surface G(x,y,z) = z - f(x,y) = 0. In this case we could also calcu-
late n to be %, and the flux integral becomes
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e Similar techniques work if the surface is defined by x = g(y,z) or
y = g(z,x) (Note in this last example that we write “z” first, so
that in parametrizing, u = z (not x) and v = x (not z). This way
the parametrization describes a surface with the normal point-
ing in the positive y-direction; the other way the parametriza-
tion describes a surface with the normal pointing in the nega-
tive y-direction.) See the table on page 1142 of your text for the
normal vectors we get in each of these cases.

Method 2: For flux integrals over the boundary of a finite solid

Use the divergence theorem to pass to a triple integral over the enclosed
solid. If o is the boundary of a finite solid, G, with n the unit normal
pointing out (away from the solid):
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Method 3: For integrals of the form [[(curIF) en dS Use Stokes’ theorem to

ag
pass to a work integral over the boundary. If C is the boundary, oriented
positively with respect to o:
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Note: C must be simple, closed, and piecewise smooth.



