Casting Out Nines

Casting out nines is a technique which can be used as a divisibility test, to check complicated arithmetic
operations and which has many practical applications.

Methods
There are several methods for casting out nines. As an example, we will use the number 3,267,983.

1.) Sum all of the digits of the number. Of the result has more then one digit, then sum all of its digits.
Continue until you have a single digit.

Summing the digits of 3,267,983 produces: 3+42+6+7+9+8+3=38
Summing the digits of 38 produces: 3+8=11
Summing the digits of 11 produces: 1+1=2

So the result is 2.

2.) Working from left to right, begin to add the digits. If the sum becomes greater than or equal to nine,
then subtract nine from the total and continue adding digits.

The sum of 3 and 2 is 5. 3267983
5

The sum of 5 and 6 is 11. Subtracting 9 produces 2. 32679083
32

The sum of 2 and 7 is 9. Subtracting 9 produces 0. 3267983
3220

The sum of 0 and 9 is 9. Subtracting 9 produces 0. 3267983
3260

The sum of 0 and 8 is 8. 3267983
326008

The sum of 8 and 3 is 11. Subtracting 9 produces 2. 3267983
3260082

So the result is 2.

3.) Eliminate any combinations of digits which sum to nine. Apply method 1 or 2 to the remaining digits.

The digits are 3267983
3 and 6 sum to nine so we eliminate them: 3267983
2 and 7 sum to nine so we eliminate them: 3267983
9 is nine so we eliminate it: 3267983
Summing the remaining digits produces: 8+3=11
Summing the digits of 11 produces: 1+1=2

So the result is 2.

Note:  Casting out nines is the same thing as using the modulo 9 mathematical system where numbers
larger than 9 “wrap around.” Thus 9 is the same as zero and 10 is the same as 1. Clocks use a
similar system (modulo 12) where 1 follows 12.
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Divisibility by 3
A number is evenly divisible by three if and only if it produces 0, 3 or 6 when nines are cast out.

Example: Casting nines out of 31,264 produces 6, so 31,264 is evenly divisible by 3.
Example: Casting nines out of 22,186 produces 1, so 22,186 is not evenly divisible by 3.

Divisibility by 9
A number is evenly divisible by nine if and only if it produces 0 when nines are cast out.

Example: Casting nines out of 21,879 produces 0, so 21,879 is evenly divisible by 9.
Example: Casting nines out of 18,345 produces 3, so 18,345 is not evenly divisible by 9.

Note:  The technique works because nine is one less than ten, which is the base used in our number
system. In a base 12 system, such as clocks use, casting out 11°s would have similar properties.
The technique works for divisibility by 3 because 3 happens to be the square root of 9.

Checking Arithmetic

Addition problems can be checked by casting nines out of all numbers involved. If the sum fails for the
new numbers then the original solution was incorrect. Similar methods can be used to check subtraction,
multiplication and division problems.

6287 5
Example:  + 892 Casting out nines from each number produces + 1.
7079 5

This is not true. Thus the original solution is incorrect.

1796 5
Example: + 6325 Casting out nines from each number produces + 7.
8121 3

At first glance this seems incorrect since 5 + 7 = 12, but when nines are cast out
from 12 it does produce 3. Thus the original solution appears to be correct.

Note:  This method of checking will not detect an error due to the transposition of two digits. If the last
solution had been 8112, then it still would have produced 3 when nines were cast out. The error
would therefore have been overlooked.

Practical Applications

The method of casting out nines is often used to verify correct credit card numbers. A secret formula is
applied to the last four digits of a credit card. If the result is determined to be evenly divisible by nine (by
casting out nines) then the number is considered to be valid.

Casting out nines is occasionally used by computer programs to verify that data has been transmitted
correctly. Nine is cast out of both the original data and the copy, and the two results are compared. The fact
that this method will overlook transposed numbers makes it somewhat unreliable.
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