Merrell Astr 25

USING THE SMALL ANGLE FORMULA TO MEASURE
DISTANCE

PURPOSE: To use the small angle formula to measure an unknown distance given the
diameter (width) and estimating the angle.

BACKGROUND:

Angles

* Angles can be measured in different units. Usually we express them in
degrees:

e Just as an hour can be divided into 60 minutes and a minute of time can be
divided into 60 seconds, a degree can be divided into 60 arcminutes and an
arcminute can be divided into 60 arcseconds:

1° =1 degree = 60' = 60 arcminutes

1'=60" = 60 arcseconds, so that

1° =3600"
* You may also be familiar with the radian measure of angles:

27 radians = 360°

1 radian = 57.3° .

Circles

Recall the definitions of the radius, diameter, and circumference of a circle:
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d = diameter

r = radius

C = circumference
{distance around circle)

They are related by

c=nxd=2mr

Area =1’
with of course w = 3.14159...

The Small Angle Formula

There is a very powerful formula relating the size of an object to its distance and
its angular size. This formula, the small angle formula, comes from considering a
circle of radius r. Remember that the circumference c is the distance all the way
around the circle, and c=2m r. What if we are not interested in the distance all the
way around the circle, but instead want to know the distance around part of the
circle, say the length of the arc marked s?
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For this we can set up a ratio:

length of _ angle subtended by s
distance around whole circle  angle around whole circle

so that

5 g
2ar  360°

This is the small angle formula.

Why is this formula so great? Because it can even be used for things that are not
part of a circle, as long as the angle is small! For example, when the angle is small
(say less than 25), the triangle below looks an awful lot like the wedge from the
circle above.
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For this triangle, it is a good approximation to say that s, r, and are all related the
small angle formula. Now we have a very powerful tool indeed, because we can
turn a lot of astronomy problems into pictures involving skinny triangles...as you
will see as you read on!

Angular Sizes

In astronomy, we study the universe while sitting comfortably here on good ol'
Terra Firma. This means that we cannot generally measure the sizes of objects
using rulers---let's face it, even if we were to visit Jupiter, it would be awfully hard
to find a ruler big enough to measure it....

So from our earthly vantage point, we often describe the size of an object using an
angular measure rather than a linear (ruler-like) one. If we are lucky enough to
know something about an object's distance, then we can relate its angular size to
its linear size using the small angle formula. This is a very frequent way of
measuring things in astronomy.

As an example, imagine that you are looking at the Green Hall Tower from a
distance of 200 meters. You estimate that from your point of view, the Tower
covers an angle of 10°. We can draw the following picture:

Digtant Tower \\3,1
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Note that this looks very similar to the skinny triangle picture above - in fact, we
can apply the small angle formula to the triangle originating at your eyeball to get
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the height of the Tower:

g

=]

g
57.3
10°

= ——x200m=35m
573

giZe = x 2 > distance

* distance

So we were able to measure the height of the Tower without actually going there!

The angle that an object covers when we trace it back to your eyeball is called its
angular size. Consider the following pictures.
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The top drawing demonstrates that two objects having different linear sizes can
have the same angular size () if they are viewed from different distances. The
object's angular size is determined by the ratio size/distance. The quarter's linear
size (2.5 cm) is 1.4 times as big as the dime's (1.8 cm) and so must be placed 1.4
times farther away to subtend the same angle. Now move the quarter two times
closer as in the lower drawing, and its angular size is twice as big (20 degrees
instead of 10 degrees).

You can practice measuring the angular sizes of things (trees, constellations,
friends) using various body parts! As shown in the picture below, the angular size
of your fist when you put your arm straight out in front of you is approximately 10
degrees. Also with a straight arm, your pinky fingernail subtends about 1 degree.
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Note that you have to express the angle in degrees in order to get the units to work
out properly. In astronomy we are often working with very small angles, measured
in arcseconds. We can change the degrees in this equation to arcseconds using our
units conversion methods:

& _ I 1 & ]
* distance x 3 = * distance
3o 60" 60" 2062635

s1Ze =

You will often see the small angle formula written in the textbooks in this form.
Practice

For practice, use the small angle formula and the concept of angular size to solve
these problems:

1. Imagine you are watching a rocket launch from a distance of 3 km. The
angular size of the rocket is 2 degrees. What is the length of the rocket in
meters?



Merrell Astr 25

2. What is the angular size of the Moon and Sun as seen from Earth? Use
your textbook to find the diameter of and distances to the Moon and the
Sun. Hint: your answer should be about the same in both cases!

PROCEDURE:

Using your finger as an angle measure of 1° (or 1/57.3 radians) and your fist as an angle
measure of 10° (or 10/57.3 radians) measure
1. the height to the North Star from the horizon.

2. the width of the 73 Toll Road at the top of the hill.

ANALYSIS:
To find how far away the toll road is from the rooftop to the hill:
Size 200 ft. (given)

Angle measure:

Using the equation
size = (® /57.3 ) X distance

rearrange the equation to solve for distance

size = distance
(®/57.3)

Calculated Distance = ft.

Actual distance = 5280 ft. Calculate the % error

% error = | my value — 5280 | X 100%

5280

MY % ERROR =




